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Developing understanding of and proficiency in mathematics at any grade level
involves both acquiring knowledge of specific content and facility in working with
that knowledge. The Common Core State Standards for Mathematics (CCSSM)
address these two components of developing mathematical understanding through
the Standards for Mathematical Content and the Standards for Mathematical Practice.
Deep understanding occurs when students engage in mathematical practices as part of
learning the mathematical content.
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The Standards for Mathematical Practice in the CCSSM (Common Core State
Standards Initiatives, 2010) call for teachers of all students at all levels to encourage
students to:
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• make sense of problems and persevere in solving them;
• reason abstractly and quantitatively;
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• construct viable arguments and critique the reasoning of others;
• model with mathematics;
• use appropriate tools strategically;
• attend to precision;
• look for and make use of structure; and
• look for and express regularity in repeated reasoning.
These mathematical practices were built on a foundation provided by two prior efforts:
the National Council of Teachers of Mathematics’ (NCTM, 2000) process standards
and the National Research Council’s (NRC, 2001) strands of mathematical proficiency,
publications that are familiar to many mathematics teachers and supervisors. Therefore,
the basic ideas behind many of the Standards for Mathematical Practice are not entirely
new. However, the mathematical practices are very specific and delve deeply into the
motivations behind thinking mathematically, making it important that those involved in
teaching mathematics take time to think carefully about what each of the mathematical
practices means, especially in terms of encouraging these behaviors in students at
different grade levels.
The Standards for Mathematical Practice can be placed into three categories for most
teachers: those that seem similar to “process-type” expectations in previous curricula;
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those that “sound” familiar because of the appearance of familiar words, but that can
easily be misinterpreted because they involve quite different uses of these familiar
words; and those that seem unfamiliar because they describe important mathematical
thinking in new or more specific ways. We must understand each of the mathematical
practices well to be able to encourage students at all levels to engage in these behaviors
through the types of learning tasks we design and the questions we ask students as
they engage in these tasks. The following sections provide suggestions of teacher
questioning appropriate for promoting student engagement in each of the mathematical
practices. These suggested questions can also provide teachers with more insight into
the meanings of the mathematical practices in order to build their own understanding.

Mathematical Practices That May Seem Familiar to Most Teachers
The mathematical practices that have the most familiar ring to them include the
ones that address making sense of problems, reasoning quantitatively, constructing
arguments, and using tools. We can continue what we’ve been doing to promote
problem solving, reasoning, and use of appropriate representations. However, we also
must think about how to increase student engagement in these areas by asking more
questions that are targeted to the particular behaviors outlined in these more specific
descriptions.
Problem solving. To help students not only make sense of problems, but also persevere
in solving them, we can ask them to think about the problem [see Figure 1].

Figure 1: Asking students to think about a problem
Students at all levels can respond to the following prompts:
• What is the question you are trying to answer?
• What information do you have that can help you answer the question?
• What other information do you need to answer the question?
• Where might you get that information?
• What other questions do you need to answer before you can answer this one?
• How might you figure out the answers to those questions?
• How could you show the information in the problem a different way?
• How is this problem like another problem you’ve solved?
One of the reasons students do not persevere in solving a problem is that they exhaust
their ability to think about it. We can help students continue thinking about a problem
by modeling the many different questions they can continue to ask themselves about a
problem that is giving them difficulty.
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Reasoning abstractly and quantitatively. To encourage students to think abstractly and
quantitatively, we need to ask them questions that focus their attention on either
applying the meanings of numbers and operations to a given situation or deriving
meanings from the numbers and operations involved in a given situation. We need
to ask students in the early grades to use quantities, along with units, as descriptions
whenever possible. We should inundate them with questions that ask how many, how
many more, how many less, how many total [see Figure 2].

Figure 2: A problem asking “How many fewer?”
As students encounter multiplication, division, and fractions, we should expand
the questions to include how much and how many times more. Students should
be encouraged to use numbers and operations to describe situations across the
curriculum, not only in mathematics class.
Justifying and critiquing. We should encourage all students to be able to justify their own
thinking about a mathematical situation and to evaluate the reasonableness of others’
thinking. A simple, but powerful, approach to accomplishing this goal is for the class to
adopt as their motto “Convince me!” This expectation puts everyone in the position
of both providing valid explanations of their actions and the thinking behind them,
as well as examining others’ explanations. Although we often ask students to explain
why they made certain decisions in order to understand their thought processes or to
uncover misconceptions, we need also to encourage them to share their thinking with
the goal of making a valid logical argument [see Figure 3]. “Convince me!” guarantees
that perspective.

Figure 3: A good student math explanation
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Using tools strategically. Place-value blocks, linking cubes, paper and pencil, calculators,
rulers, compasses, geometric solids, geoboards, spinners, and a multitude of other
materials can be considered “tools of the trade” for teaching, learning, and doing
mathematics [see Figure 4].

Figure 4: Strategically grouping blocks into tens in order to count by tens
However, it is not enough to be able to use these tools; we must be able to select the
best tool for the job, whether teaching, learning, or solving a problem in a real-world or
mathematical context. For example, we might not want a fourth-grade student to use
a calculator to compute the answer to 3 + 1; however, a kindergarten or first-grade
student who has used objects to figure out that 3 and 1 is 4, then enters the symbols
3 + 1 = into a calculator to create the expected result of 4, is learning how to “talk” to
the calculator so that he or she can eventually use, and evaluate the use of, technology
in more difficult situations. Similarly, every possible tool has the potential for misuse
or effective use, and we need to help students learn to select the tools that make the
most sense for the task at hand.

Mathematical Practices That Might Be Easily Misinterpreted
The mathematical practices that involve modeling with mathematics and attending to
precision have the potential to be misinterpreted based on prior common uses of the
words modeling and precision in relation to mathematics instruction. We want to make
sure that we ask the appropriate questions to engage students in the intended meanings
of these mathematical practices.
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Modeling with mathematics. The word “modeling” in elementary mathematics
has been used most often when discussing the use of manipulatives to represent
the mathematics of a situation, for example showing that the symbol 12 can be
represented with two groups of six objects. However, the phrase “modeling with
mathematics” refers to essentially the opposite action, for example, representing an
array of twelve objects with appropriate numbers and operations [see Figure 5].

Figure 5: A student response where the
equations, not the circles, are the models
Modeling with mathematics can also include the use of representations such as
diagrams, tables, and graphs. To encourage students to engage in this mathematical
practice, we should ask questions such as, “How can you represent the situation using
numbers, possibly variables, and operations in the context of an expression, equation,
table, or graph?” and then provide the guidance for creating the mathematical model.
By repeatedly asking some form of this question in a variety of contexts, we help
students build an expectation that they can use mathematical models to help answer
many different kinds of questions.
Attending to precision. The word precision in elementary mathematics has been most
directly associated with accurate computation. Although we want students to learn to
calculate accurately and efficiently, in this mathematical practice precision refers to more
than that. Precision here also refers to how students use language in doing mathematics
and in explaining what they have done. It is about carefully distinguishing between
closely related descriptions such as “more than two” and “at least two” [see Figure 6].

Figure 6: A problem that notes and encourages precise language choices
such as “each basket”
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Precision means knowing how to create and use definitions that clearly delineate the
similarities and differences among concepts such as squares and rectangles. To help
students attend to precision in language in mathematics, we must ask them questions
such as, “What does this statement (or symbol or term) mean? How is it like (some
similar word or symbol)? How is it different from (some similar word or symbol)? Why
did you use this particular symbol/word/statement here instead of something else?”

Mathematical Practices That Sound Unfamiliar
Finally, among the eight mathematical practices in the CCSSM, two stand out as
containing language different from what has been used in the curriculum standards that
most of us are familiar with. One of these mathematical practices addresses the “use
of structure,” and the other refers to “regularity in repeated reasoning.” Looking at the
kinds of questions we can ask to encourage students to engage in each practice also
can help us better understand the two practices.
Using structure. The focus of this mathematical practice is on analysis. We can
encourage students to analyze by asking “why” questions. Why is this expression
equivalent to this other expression? Why does this procedure work? Why does this
pattern exist? When students use properties, definitions, and contextual meanings to
answer “why” questions, they are “using structure” to do and explain mathematics
[see Figure 7].

Figure 7: Using the meanings of operations to represent a problem situation
When students compare and contrast real-world or mathematical situations, they are
making use of structure to identify the similarities and differences. A student who can
explain that the sum of two odd numbers is always an even number because each odd
number has an extra 1, and the two 1’s form a pair so that the sum does NOT have an
extra 1 is making use of the structure of even and odd numbers.
Expressing regularity in repeated reasoning. The focus of this mathematical practice is on
creating generalizations. We can encourage students to generalize by asking them to
look for patterns and draw conclusions from those patterns. However, the patterns
we want them to focus on are not just simple repetitions in sequences of shapes or
numbers, but repetitions in various procedures and their results [see Figure 8].
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Figure 8: The important pattern of appending zeroes that is later used in
multi-digit multiplication and long division
For example, we might have students find quotients and remainders for a set of related
whole-number division problems in which the divisor is always 5 and the dividend
increases by 1. We could then ask them, “What remainders occurred when you divided
by 5?” We would then have the students find quotients and remainders for similar sets
of division problems in which the divisor is 6, then 7, then 8 and ask them to observe
the remainders they get for each divisor. To encourage them to look for regularity,
we would ask them to describe what they notice about each set of remainders
related to its divisor. And, based on this repeated reasoning, we would then ask,
“What conclusion about remainders could you propose based on these examples?”
The same types of questions could be asked in other contexts, such as, “How many
one-inch square tiles fit into a 3 in. × 5 in. rectangle? a 3 in. × 6 in. rectangle? a 3 in. ×
7 in. rectangle? What conclusion could you propose about the relationship between
a rectangle’s dimensions and its area?” As students propose conclusions, we should
then ask them to engage in making use of structure to analyze whether or not their
generalizations are always true and why or why not, or under what conditions.

Promoting the Standards for Mathematical Practice
with enVisionMATH Common Core
As noted in the previous sections, we engage students in the mathematical practices by
asking them questions that promote these types of thinking. These types of questions
are embedded throughout enVisionMATH Common Core. Each component of the
program includes questions that address most, if not all, of the mathematical practices.
For example, the Problem-based Interactive Learning (PBIL) experience before each
lesson provides opportunities for students to engage in multiple mathematical practices,
such as reasoning quantitatively to draw conclusions from regularities in repeated
reasoning. The PBIL lesson also consistently addresses the mathematical practice of
making sense of problems and persevering in solving them with suggested questions
for analyzing the problem and encouraging students to think of multiple approaches.
The Visual Learning Bar (VLB) at the beginning of each lesson often involves the use
of appropriate tools for understanding concepts and using symbols for modeling with
mathematics. Many questions that accompany these VLBs, along with Other Examples
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in some lessons, highlight the mathematical structure of the situation and often ask
students to make and justify generalizations from the examples. Questions in many
of the “Do You Know How?” sections target students’ development of precision,
and the “Do You Understand?” sections often ask students to engage in abstract and
quantitative reasoning. And throughout the lessons, students are continually asked to
explain and justify their thinking and critique given reasoning.
As teachers and students work together with enVisionMATH Common Core, they build
their experiences with the Standards for Mathematical Practice through the following
set of key questions that appear in the Student text:
• What am I asked to find? What else can I try?
• How are quantities related?
• How can I explain my work?
• How can I use math to model the problem?
• Can I use tools to help?
• Is my work precise?
• Why does this work?
• How can I generalize?
In the process of learning to ask themselves these questions while doing and
learning mathematics, students begin to internalize the mathematical practices. Their
mathematical understanding is strengthened at the points where their experiences with
mathematical content and mathematical practices intersect.
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